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ABSTRACT: This article is concerned with the description and application of a new

method to investigation the non-uniqueness of the rate constants determination in chemi-

cal kinetics. The method is based on reparametrization of initial model by elimination of

the non-measurable variables. Then parameters that are functions of rate constants of

transformed system can be determined uniquely. The method leads to an algorithm,

which is demonstrated in two examples. Numerical results with the method indicate that

unique evaluates of the parameters of the reparametrized system can be obtained.
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INTRODUCTION

It is well known [1,2] that determination of rate constants in mathematical modeling of

complex chemical reactions (inverse problem) often results in the non-uniqueness of solution. It

arises from incomplete experimental data since not all of the reagent concentrations that take part in

reaction can be measured in the experiment. Two types of the non-uniqueness of solution can be

discerned - the first results in the finite aggregate of isolated solutions [3] (global nonuniqueness or

nonidentification), the second gives infinite aggregate of solutions [4] (local nonuniqueness or

nonidentification). Both types of non-uniqueness are thoroughly considered in the literature for the

stationary and quasi-stationary regimes of reactions. Little attention has been paid to the non-

stationary regime of reactions in the literature - the main results for that case were obtained using



group analysis and considered only local non-uniqueness. Global non-uniqueness together with the

problem of the determination of all numerical parameters in the case of non-uniqueness was not in-

vestigated practically.

As a rule, determination of model parameters is reduced to the determination of the mini-

mum of the functional F(k), that characterizes the extent of deviation between experimental and

calculated parameters values :

F(k) = || zexp – zcalc ||,

where the norm ||•|| is taken according to the type of experimental data: continuous or dis-

crete, either normal distribution or other type of distribution etc. Here zcalc - vector of calculated

values of concentrations or rates of reactions according to the model; zexp - is the vector of experi-

mentally determined values. However, application of such methods is correct  if there exists only

single solution of the problem in question (the global minimum of functional), but as a rule this

condition is not known to be fulfilled a priory for the models of chemical kinetics. The present

work considers numeric-analytical approach that allows to reveal the number of solutions of inverse

problem as well as to find out all the values of parameters that can be determined from the experi-

ment.

ANALYTICAL APPROACH FOR THE DETERMINATION OF THE NON-UNIQUENESS
OF SOLUTIONS.

Let the model of chemical reaction be written in the following form according to the mass-

action-law:
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Here k denotes the vector of the rate constants of elementary stages of the reaction,

k=(k1,...,ks); xi(t) – are measurable on the range [t0,T] variables, i=1,...,n; yj(t) - non-measurable vari-

ables, j=1,...,m, m ≥ 1; functions fi(x,y,k) and gj(x,y,k) are polynomials of no higher than third order

in the variables xk, yj and linear in ki.

Understanding under the inverse problem an estimation of rate constants of elementary

stages using experimentally obtained solutions x(t), we divide the solution into two steps:

Step 1. A priory analysis of inverse problem to reveal the number of solutions (the structure

identification). Here is supposed that identification is carried out in the conditions of ideal experi-

ment, i.e. the solutions x(t) of the system (1)-(3) are given without experimental errors and the sam-

ple size of experimental data is large enough.

Step 2. Numerical determination of constants or independent parametric functions using ap-

proximately given solutions )(
~

tx on [t0,T].

On the first stage we will show that initial model (1)-(3) can be transformed to the form that

allows to estimate definitely its parameters, the parameters being a functions of rate constants. We

will do the following.

Expand the system (1),(2) by differentiating the system (1) to the infinite system, replacing

at each differentiation the derivatives of xi , yi with their right parts according to (1),(2).

Finally, we will obtain the following infinite system of equations

(4)
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The next step is to exclude from the system (4) non-measurable variables yi. In order to do it

we will formulate (without proof) some statements.

Statement 1. Only the first m subsystems of equations system (where m – dimension of vec-

tor y) are necessary to exclude yi variables from the system (4).

Suppose that unmeasurable variables y are excluded from system (4). We will get the equa-

tions system of the form

(5)

Statement 2. The system (5) is equivalent to the system (1)-(3) in the solutions x(t).

Let term the system (5) as system of determining equations.

Corollary. The inverse problems for the systems (1)-(3) and (5) are equivalent.

The algorithm for the elimination of non-measurable variables can be built constructively,

i.e. since the system (1)-(2) represents a system of polynomials, we may take advantage of the

methods of computer algebra, where the technique of exclusion for similar systems is well devel-

oped [5]. It can be shown that in that case the system of determining equations is written in the fol-

lowing form:

(6)
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where ml ≤ m and each equation (6) represents a polynomial in variables x(m
l
+1),…,x; ψ

l,i(x
(m

l
),…,x), i=1..η - linear independent monomials; αl,i(k) - rational functions and βl

j(k) –

polynomials in parameters. Let denote Ψl,1(x
(m

l
),…,x) = Nl,i(t).

Statement 3. Let the initial data x0, y0 are such that for each j of (6) ρl
j(x0,y0)≠0. Moreover let

for each equation of system (6) the points tj be found on [t0,T], such that the vectors Nl,i(tj), j=1,..,η

are linear independent. Then, there exists single solution of inverse problem of determination of the

coefficients αl,i, βl
j of the determining equations system.

From the corollary of statement 2 and statement 3 we obtain, that determination of the num-

ber of solutions of inverse problem for the model (1)-(3), is reduced to the analysis of the system of

polynomial equations of the form:

(7)

where kl,i , kl
j - are numerical values of the coefficients of system (6). The system (7) can

have single, finite or infinite number of solutions. Using the methods of polynomials algebra devel-

oped in the systems of analytical calculations such as Maple [6], the system (7) can be transformed

to triangle or trapezoid form. In the first case the system (and inverse problem) has finite number of

solutions and the number of possible solutions is easily estimated. In the second case, the inverse

problem has infinite number of solutions and one obtains functionally independent combinations of

parameters, that can be determined from experiment.

NUMERICAL METHOD.

The incorrectness of the numerical parameter estimation for the model class in question

arises mainly when the inverse problem has infinite number of solutions. In the case of finite num-

ber of solutions, the problem is reduced to the determination of all minimums of functional. The
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calculation features of this problem are discussed in [7]. The main difficulty in the determination of

all minimums of functional is due to the great demand for calculation time. Thus, for the problem of

big dimensionality determination of all solutions can not be carried out in practice since it is neces-

sary to browse the region of the change of parameters together with simultaneous numerous solu-

tion of direct problem. Reparametrized models of the form (5) are considered rarely in the practice

of numerical estimation. It is due to the fact that model contains the derivatives of high order

(higher than the first) in variables that are measured in experiment.

At the same time, the quantitative theory of differential equations gives the method of nu-

merical investigation of such equations.

Assume for simplicity that system (6) is solved relative to highest derivatives and initial data

do not contain parameters. These assumptions do not narrow the generality of the problem since the

solvability relative to highest derivative is present initially or can be obtained by dividing by the co-

efficient of the highest derivative. In the case of presence of parameters in the initial data, the prob-

lem is solved similarly. Write the system (6) in the form:

(8)

and put the following problem: to estimate the parameters αi(k) of the system (8) and to find

the values of rate constants of chemical reactions using approximately given solutions )(
~

txi  on

[t0,T].

Suppose that system (8) has total order in derivatives equal to (n+m). Write the system in the

form:
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where nlmr
n

l
l ,1,

1

==∑
=

. Introduce the following abbreviations:

(10)

Then the system (8) is written as (11) using new abbreviations.

(11)

System (11) represents normal system of (n+m) differential equations with (n+m) variables zi. By

writing the initial data in the form:

(12)

one can obtains the Cauchy problem for the determination of variables zi(t), which is

equivalent to the Cauchy problem (8), and the inverse problem of the determination of the parame-

ters αi,j has single solution.
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For the numerical solution of this problem, we can use any classic method developed for

similar systems. It should be noted that the question considering the stability of such approach is not

considered in the present investigation.

The program written in the lab of Chemical Kinetics of IOC USC RAS was used in the pre-

sent work for the determination of the parameters αi(k) of the system (11),(12).

The program uses the variant of configuration method with random choice of the direction

of parametric optimization with the solution of direct problem at each step by Novikov’s

(m,k)-method of 3rd order [8]. Without giving the thorough analysis of the advantages and disad-

vantages of such estimation method, it should be noted that configuration method in our case is

more efficient then any other gradient method. It is mainly due to the fact that in the case of finite

number of solutions of inverse problem the configuration method allows to find all of the solutions

in the range of determination of parameters. It is understood that in the case of problem of larger

dimension the application of configuration method becomes less effective. Moreover, the solution

of direct problem itself is an effort taking procedure due to the rigidity of initial model. Neverthe-

less, for problems of low dimension the method gives rather illustrative results.

The calculation experiments were carried out for several mechanisms with different types of

non-uniqueness. The results of such calculations are given below.

NUMERICAL EXAMPLES

Example (1).

As the first example, we consider the system of consecutive reactions of the type:

(A)2211
321 XYYX

kkk →→→



It is known [3], that two solutions of inverse problem exist for this mechanism. We will give

the complete scheme for the determination of both solutions using the analytic approach described

above for this example.

1) Firstly, one should build “experimental” data.

For initial model

(13)

at given parameters k1=2, k2=3; k3=6 , the direct problem was solved, i.e. the solutions x2(t)

were found on the range [0;3] with the step h=0,2.

Using the experimental data x2(t) (“precise” experiment) the estimations of the parameters

ki, i=2,3 were made. Configuration method for the parameters k2 and k3 neatly gives two solutions:

(k2,k3) = (3;6) and (6;3). Figure 1 shows the existence of two minimums.

In the next step the noise was added to experimental curve x2=x2(t) with the normal distribu-

tion law with σ=0,1 to give the “experimental” data. An estimation of parameters k2 and k3 gave

(3.03,5.75) and (5.75,3.03).

2) Transform the initial model to the following system of determining equations:

(14)
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3) The coefficients of model (14) are the following functions on the rate constants:

321432332211 kk k , k k , k k ,  k ==+== αααα , the basis for which (the system of generators)

are polynomials

32332211 k k , k k ,  k =+== ααα          (15)

According to (15) the inverse problem has two solutions determined as roots of quadratic

equation:

(16)

4) Transform the system of determining equations (14) to the normal system of equations:

(17)

The coefficients of reparametrized model (17) are determined uniquely. We get single solu-

tion: 06.1877.82 321 === ααα , ,  by solving the inverse problem for model (17)

Figure 2 shows the lines of surface level Φ = Φ(α2, α3), with one minimum.

5) Two solutions of inverse problem are found from the quadratic equation (16): k’ ≈ 3.033

and k’’  ≈ 5.74.  These values are practically identical to those found in “noise-added” experiment

according to model (14).

Considered example allows to conclude that accuracy of the estimation of parameters from

reparametrized models is not lower than that for direct methods. In general, the question consider-

ing the accuracy of method should be viewed specially.

Example (2).

In this example, we will consider the scheme of reaction that results in infinite number of

solutions of inverse problem at given experiment.
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Let there be given a linear scheme of reaction

(B)

The Cauchy problem for scheme (B) has the form:

(18)

Write the reparametrized model:

(19)

where 232211 ,,
•

≡≡≡ xzxzxz  and system parameters of (19) are given by conditions:

α1= k3+k4+k5+k6

α2 = k4k6+k3k6+k3k5

α3 = k1k5-k3k5         (20)

α4 = k3k5

α5 = k1+k2

The inverse problem has infinite number of solutions - the number of parametric functions is

less than the number of unknown parameters. Determination of the parameters of initial model by

any direct optimization method should result in the insensitivity of criteria towards the changes of

model parameters. Criteria minimum in that case is represented not by a single or numerous sets of

solutions but by a line obtained at intersection of the surfaces given by equations (19) in the space

R6 and any small value of mismatch criteria of experimental and calculated according to the model

values is reached in the surroundings of this line.

Let illustrate it by numerical calculations. Firstly with a given constants K=(1;2;3;4;5;6) we

will solve the direct problem, i.e. we will find the kinetic curves x1(t) and x2(t), and further we will
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consider them as an experiment. Solve the inverse problem several times. The calculations are given

in table 1.

Table. 1. Results of solving of inverse problem of the initial system of equation.

# k1 k2 k3 k4 k5 k6

1 1.6111512 1.3888467 4.8262238 6.2693687 3.1022047 3.7781942

2 1.0308063 1.9691910 3.0896740 2.3885249 4.8496286 7.6584490

3 2.6984542 0.3015443 8.0994905 4.7964360 1.8531258 3.2588802

4 2.7391096 0.2608888 8.2166380 4.7072388 1.8253812 3.2494731

5 1.0518574 1.9481408 3.1502187 2.1222152 4.7516027 7.9492612

The coefficient values of the system of determining equations in the form (20) for these sets

of constants gives the following results:

Table. 2. Coefficient values of the system of determining equations for sets of con-
stants from table 1.

# α1 α2 α3 α4 α5

1 17.975991 56.893237 -9.9738133 14.971934 2.9999979

2 17.986277 56.938278 -9.9847437 14.983771 2.9999973

3 18.007933 57.035654 -10.008799 15.009375 2.9999985

4 17.998731 56.994287 -9.9985774 14.998497 2.9999984

5 17.973298 56.880542 -9.9705792 14.968588 2.9999982

As can be seen from table 2, the values of parameters αi for different sets of k6 are almost

identical.

By solving the inverse problem for reparametrized system (19) using the same kinetic

curves for x1 and x2, we obtain the following values for parameters αi:

Table. 3. Results of solving of inverse problem of the reparametrized system of
equations.



# α1 α2 α3 α4 α5

1 18.000137 57.000585 -10.000133 15.000153 2.9999988

2 17.999514 56.997793 -9.9994444 14.999419 2.9999988

3 17.999842 56.999265 -9.9998073 14.999806 2.9999988

4 18.000748 57.003324 -10.000808 15.000873 2.9999988

5 18.000761 57.003383 -10.000822 15.000889 2.9999988

The values of αi given in tables 2 and 3, are not differing significantly from each other as

should have been expected.

Thus, the calculations show that direct determination of model parameters in the case of in-

finite number of solutions leads to the arbitrary sets of rate constants that describe experiment

equally good. The reparametrization results in the uniqueness of inverse problem. The recommen-

dation in that case is to fix one of the reliable parameters on a certain value and to determine the

other constants. It should be noted that additional check for global non-uniqueness is necessary in

that case too. Thus by fixing k5 at precise value we will obtain only two solutions of inverse prob-

lem K*=(1������������b�K** =(1;2;3;3;5;7).

Finally, it should be noted that a priory analysis of uniqueness could be easily carried out in

the systems of analytical calculations such as Maple V, Reduce, Derive and other.

A.B. Ryzhkov would like to thank Prof. E.A. Novikov for a copy of his program NODE.



Figure 1 Contour plot of Φ = Φ(k2,k3).
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Figure 2 Contour plot of Φ = Φ(α2, α3).
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